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Abstract: The conventional long-offset nonhyperbolic moveout equation is derived for the 
transverse isotropic media with a vertical symmetric axis (VTI). It cannot be extended to the 
transverse isotropic media with an arbitrary spatial orientation of symmetry axis (ATI). In this 
paper, we optimize a modified long-offset nonhyperbolic moveout equation for ATI media 
based on the conventional nonhyperbolic moveout equation and the exact analytical solution 
of the quartic moveout coefficient (A4) and NMO velocity for ATI media that were derived 
in our previous work. Compared with the exact traveltimes of the ray-tracing algorithm for 
anisotropic media, this optimized equation can be used to calculate the traveltime varying 
with survey line azimuth in arbitrary strong or weak ATI media. It can replace the time-
consuming, multi-offset, and multi-azimuth ray tracing method for forward modeling of long-
offset reflection traveltimes in ATI media, which is useful to further anisotropic parameter 
inversion using long-offset nonhyperbolic moveout.
Keywords: TI media, arbitrary spatial orientation, nonhyperbolic moveout equation, 
reflection traveltime, long-offset

Introduction

It is known that traveltime-offset curves of pure 
mode (non-converted) reflection waves of the common 
midpoint (CMP) gather exhibit varied forms in different 
media. In isotropic media, both the short- and long-offset 
curves are hyperbolic. While in transverse isotropic (TI) 
media, the short-offset curve is hyperbolic and the long-
offset curve is nonhyperbolic, as shown in Figure 1.

TI media exists widely in the crust which has 
significant impact on seismic wave propagation and 
further processing and interpretation of seismic data 

(Alkhalifah et al., 1996; He and Castagna, 2000; Isaac 
and Lawton, 1999; Toldi et al., 1999; Yan and Lines, 
2001). For instance, the effect of TI must be taken 
into consideration in processing and interpretation of 
long-offset seismic data. Long-offset nonhyperbolic 
traveltime curves can be used to determine anisotropic 
parameters required by seismic data processing, fracture 
detection, and lithology discrimination. Previous 
studies on this issue are focused on TI with a vertical 
symmetric axis (VTI), TI with a horizontal symmetric 
axis (HTI), TI with a tilted symmetric axis confined to 
the incident plane (TTI), or weakly anisotropic media. 
For example, Hake et al. (1984) used the nonhyperbolic 
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moveout equation based on the three-term Taylor 
series for t2-x2 curves to study the traveltime-offset 
of pure mode (non-converted) reflection waves over 
layered TI media and derived the corresponding quartic 
moveout coefficient (A4). Tsvankin and Thomsen (1994) 
extended the results of Hake et al. (1984) and suggested 
an analytical expression of A4 for P- and SV-waves 
using the Thomsen-style parameters, as well as a more 
accurate nonhyperbolic moveout correction equation 
for long-offsets based on exact NMO-velocity and A4 in 
VTI media. Furthermore, Tsvankin and Thomsen (1995) 
have examined the feasibility of inverting VTI media 
parameters using long-spread (nonhyperbolic) reflection 
traveltimes. Alkhalifah and Tsvankin (1995) introduced 
the anisotropic parameter η, presented the nonhyperbolic 
moveout correction equation for VTI media expressed 
by commonly used Vnmo (0) and η, and implemented 
inversion of anisotropic parameters using moveout 
velocity reflected from tilted interfaces.

parameters (Vnmo (0) and η) in VTI media and its 
accuracy and stability. Al-Dajani and Tsvankin (1998) 
used the nonhyperbloic moveout correction equation of 
Tsvankin and Thomsen (1994) to analyze the moveout 
in HTI media and presented the quartic coefficient 
A4 of pure mode (non-converted) reflection waves 
in HTI media. Xu et al. (1998) introduced a velocity 
adjustment factor for moveout, which varies with the 
square of offset, to compensate the nonhyperbolic 
reflective moveout caused by vertical velocity gradient 
or anisotropy. With the assumption that a TTI layer is 
homogeneous and the symmetry axis stays perpendicular 
to its boundaries, Grechka et al. (2001) inverted 
P-wave normal-moveout (NMO) velocities, zero-offset 
traveltimes, the symmetry direction velocity (Vp0), and 
the anisotropic parameters ε and δ . Pech et al. (2003) 
studied the nonhyperbolic moveout coefficient A4 in TTI 
media on the condition that the symmetric axis is in the 
dipping plane and anisotropy is weak. Du et al. (2007) 
analyzed the nonhyperbolic moveout velocity in VTI 
media. You et al. (2006) attempted to optimize the long-
offset nonhyperbolic moveout correction equation for 
VTI media. 

In nature, the VTI, HTI, TTI, and weakly anisotropic 
media do not cover all media. For example, in areas 
of complex geology (such as salt domes, folds, and 
overthrusts) there are steep structures and tilted 
combinations of detritus rocks including shale and 
periodic fine layering sandstone and shale which 
exhibit seismic anisotropy varying with azimuth and 
have principal axes of symmetry normal to the beds, 
for instance, the Foot Hill area in Canada (Yan and 
Lines 2001). We call these ATI media. In comparison 
with VTI media, ATI media have two additional 
parameters, i.e., dip angle and symmetric axis azimuth, 
and 21 non-zero elastic constants in the observational 
coordinate  system.  Complicated var ia t ions  of 
elasticity with azimuth make resolving phase-velocity 
and group-velocity using the fourth-order tensor 
and Bond transformations very difficult, thus this 
further study of traveltime. Wave propagation in ATI 
media is a complicated issue, even for the case of a 
horizontal interface, the corresponding theory is not 
completely resolved. Yao et al.(2004) and Yao (2004, 
2007) suggested an analytical transformation for ATI 
media, which is equivalent to the fourth-order elastic 
tensor and Bond transformations in physics, with 
the difference that the ATI analytical transformation 
is from TI coordinates to path coordinates. It means 

Hyperbolic
traveltime-offset

Nonhyperbolic
traveltime-offset

Fig. 1 Synthetic seismogram showing the nonhyperbolic 
traveltime-offset of P-wave refl ection in VTI media.

The ratio of the maximum offset (X) to refl ector depth (D) is X /D = 2. Dog 
Greek shale (Thomsen, 1986).

Alkhalifah (1997) utilized the P-wave reflection 
nonhyperbolic moveout to estimate anisotropic 
parameters (Vnmo (0) and η) in VTI media. Grechka 
and Tsvankin (1998) added a correction factor into 
the nonhyperbolic moveout correction equation of 
Alkhalifah and Tsvankin (1995) to enhance the accuracy 
for larger offset and studied inversion of anisotropic 
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that this method utilizes the simplicity of the VTI 
analytical solution, resolves it first and then makes 
the transformation, thus the complicated relationship 
between phase-velocity and group-velocity in ATI 
media can be treated easily, thus providing a new 
approach to ATI media with an arbitrary anisotropy 
strength. 

Based on this ATI analytic transformation method, 
Yao (2004) extended the NMO velocity analytic solution 
on a tilted interface in ATI media. Zhang (2005) studied 
the NMO velocity ellipse in ATI media and performed 
a joint inversion of P-wave NMO velocities and VSP 
traveltimes in 3D TI media for anisotropic and interface 
parameters by using the genetic algorithm. Hao (2007) 
and Hao and Yao (2008) proposed an analytic solution 
of quartic moveout coefficient for pure mode (non-
converted) reflection waves on a horizontal interface in 
ATI media, which allows the research of nonhyperbolic 
traveltime in ATI media. Meanwhile, the result 
demonstrates that the nonhyperbolic moveout correction 
equation of Tsvankin and Thomson (1994) cannot extend 
well to ATI media. 

Our work is based on the exact analytic solution of 
the quadric moveout coefficient A4 in ATI (Hao, 2007) 
and in conjunction with the analytic solution of NMO 
velocity in ATI (Yao, 2004). Our purpose is to optimize 
long-offset nonhyperbolic moveout, horizontal group 
velocity associated with survey lines in ATI media, to 
give the denominator coefficient (A*) in the optimized 
nonhyperbolic moveout equation, and to make forward 
modeling calculation of nonhyperbolic reflection 
traveltime. Next, we check the accuracy of this optimized 
moveout equation by comparison with the exact 
traveltime from anisotropic ray tracing methods. We 
focus on forward modeling calculations of nonhyperbolic 
traveltime in ATI media and their influencing factors. 
Because anisotropic parameters are very sensitive to 
reflection traveltime, only if nonhyperbolic reflection 
traveltimes are fit well by forward modeling calculations, 
can anisotropic parameters be properly determined. 

Formulation of nonhyperbolic moveout

The long-offset nonhyperbolic traveltime-offset of 
reflected waves (nonconverted waves) are approximated 
by the Taylor series expansion of the traveltime squared 
(t2 (x2)) near x = 0, i.e., the three-term Taylor series (Taner 
and Koehler, 1969): 

                 2 2 4
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where t is the reflection traveltime at the source-receiver 
offset x, t0 is the two-way zero-offset traveltime, and 
A2 is dependent on NMO velocity, i.e., A2 = 1/V 2

nmo. 
In equation (1), the first two terms are the hyperbolic 
moveout and the third term is nonhyperbolic moveout, 
in which A4 is called the quartic moveout coefficient that 
represents the effects of varing media on nonhyperbolic 
traveltime-offset. 

Equation (1) is a good approximation to long-
spread and large-offset reflection traveltime-offset in 
comparison to the conventional hyperbolic moveout 
equation based on NMO velocity. It becomes, however, 
inaccurate very soon with increasing offset, for instance 
when the ratio of offset to depth (X/D) exceeds 1.5 to 
2.0 (Tsvankin and Thomson, 1994). So they altered 
equation (1), introducing a dominator into the moveout 
term to insure traveltime convergence at x→∞, getting 
a modified long-offset nonhyperbolic moveout equation 
for anisotropic media: 
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Here the newly introduced coefficient A* depends on 
horizontal group-velocity (Vhor). In VTI media, P-wave 
NMO velocity (Vnmo), horizontal group-velocity (Vhor), 
and quartic moveout coefficient (A4) are merely related 
with anisotropic parameters, for which there are simple 
relations (Tsvankin and Thomson, 1994):
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where Vp0 and Vs0 are P- and S-wave velocities in the 
symmetric axis and ε and δ are anisotropic parameters. It 
can be shown that the simple relations among Vnmo, Vhor, 
and A4 make the numerator and dominator in A* in VTI 
media have same sign and A* be positive. Consequently, 
equation (3) in VTI media is exact for zero-offset and 
infinite-offset. 

However, the relations among Vnmo, Vhor, and A4 
are complex in ATI media, which are associated with 
anisotropic parameters as well as spatial orientations 
of the TI symmetric axis. Sometimes the numerator 
and dominator of A* in ATI media have opposite 
signs, thus, the coefficient A* is negative which 
results in a singularity of equation (3) at large offset. 
Therefore, equation (3) cannot be extended to ATI 
media. 

The optimizing nonhyperbolic 
moveout equation for ATI media

To design a long-offset nonhyperbolic moveout 
equation applicable for ATI media, first we give 
a complex relationship among A4, Vnmo and Vhor in 
ATI media. Then we make a modification to the 
nonhyperbolic moveout equation. 

Exact analytical solution of coeffi cient A4

Based on the analytical transformation for ATI, 
the exact analytical solution of the quartic moveout 
coefficient in the Taylor series on squared traveltime 
([t2 (x2)]) for reflected (nonconverted) waves in ATI 
media is (Hao, 2007): 
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where t0 is zero-offset two-way reflection traveltime, 
Vg0 is the group velocity corresponding to the vertical 
incident phase velocity (V0) at zero-offset, φc is azimuth 
of the horizontally projected TI symmetric axis, φ is 
azimuth of the survey line, c  ( cc )( c  ( cc ) = c  ( cc )cc  ( cc )) is azimuth of 
the symmetric axis relative to the survey line, θc is dip 
angle of the TI symmetric axis (i.e., angle between the 
TI symmetric axis and the vertical axis), ε, δ and κ are 
Thomsen’s anisotropic parameters, and ),,,,( ccG  
is a complex function involving the spatial orientation of 
the symmetric axis, velocity, and high-order derivative 

of velocity. 

NMO velocity
Substituting a horizontal interface parameter into the 

NMO velocity formula on a tilted interface in 3D ATI 
media (Yao, 2004), we have the exact solution of this 
velocity as:
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where θc is the TI symmetric axis dip angle, c  ( cc ) is the TI 
symmetric axis azimuth relative to the survey line, V 
is phase velocity, and γ is the included angle between 
the phase propagation vector and symmetric axis in TI 
coordinates. 

Equations (8) and (9) have no requirement for 
anisotropy strength and spatial orientation, in which phase 
velocity and its differential have their values for γ = θc. 

Compared with the exact solution of equation (8) for 
coefficient A4, equation (9) for NMO velocity is very 
simple and characterized by its variation with ellipse 
azimuth. It indicates that NMO velocity is related to 
azimuth of the survey line and depends on TI symmetric 
axis dip angle, phase velocity, and it’s differential.

Horizontal group-velocity 
Suppose that the TI symmetric axis directional 

vector is c c c c c cˆ (sin cos ,sin sin ,cos )n , the CMP 
survey line L directional vector is c (1, 0, 0)L  and 
like equations (8) and (9) here θc is TI symmetric 
axis dip angle, c  ( cc ) is horizontal projection azimuth of 
the TI symmetric axis, φ is survey line azimuth, and 

c  ( cc )( c  ( cc ) = c  ( cc )cc  ( cc )) is symmetric axis azimuth relative to the 
survey line.

Thus, the horizontal group velocity Vhor along the 
CMP survey line is expressed by phase velocity in the 
survey line (phase angle γ = γc) and its differential: 

                
c

VVV 22
hor )

d
d(

γ = γc

,  (10)

where 

c c ccos sin cos , i.e., c c ccos(sin cos )arc .     
 (11)

Here V is phase velocity, γ is the included angle 
between the phase propagation vector and symmetric 
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axis in TI coordinates and γc is the included angle 
between the survey line cL  and symmetric axis cn̂ .

What is different from equations (8) and (9) is that 
phase velocity and its differential in equation (10) take 
their values for γ = γc. 

The optimized nonhyperbolic moveout equation 
To enhance accuracy of long-offset traveltimes in ATI 

media and reduce errors in estimation of anisotropic 
parameters, we modify equation (4) for VTI media and 
give the expression of the denominator coefficient in the 
nonhyperbolic moveout equation for ATI media as

                   * 4

2 2
hor nmo

| |,1 1
C

AA

V V

  (12)

where Vnmo is NMO velocity and Vhor is horizontal group 
velocity which are both derived from equations (9) to 
(11) under ATI conditions, coefficient A4 is derived 
from equation (8), and C is an experiential correction 
constant.

Differing from equation (4), equation (12) contains the 
constant C with an absolute value which insures that A* 
is positive, so that the optimized nonhyperbolic moveout 
equation can describe more precisely the long-offset 
nonhyperbolic reflection traveltime-offset in ATI media. 
The new correction factor C is independent of NMO 
velocity and related to offset, depth, and anisotropic 

parameters. It is also associated with the TI spatial 
orientation and survey line azimuth in ATI media. In real 
data processing, we can use near-offset NMO velocity 
analysis to determine the TI symmetric axis spatial 
orientation and combination of anisotropic parameters 
and then calculate each anisotropic parameter and the 
correction factor C in conjunction with moveout analysis 
of the long-offset coefficient A4. 

Numerical examples of P-wave 
nonhyperbolic moveout in ATI media

We shall analyze hyperbolic and nonhyperbolic 
moveouts using the optimized nonhyperbolic moveout 
equation, including the equations (3) and (12). We 
extend the fast 3D ray tracing of reflection waves to 
the ATI media with arbitrary anisotropy strength and 
calculate the exact traveltimes using the exact phase 
velocity and group velocity. We take TI as an example, 
which is a commonly used model in anisotropy studies 
to represent rocks such as Taylor sandstone, Green 
River shale, and Dog Greek shale (Thomsen, 1986). 
Table 1 lists three kinds of TI models with different 
anisotropy, which have four parameters to be studied 
under varying symmetric axis dip angles and where 

)21()(  (Alkhalifah, 1997) and interface 
depth (D) is 1000 m. 

Table 1 Elastic constants, anisotropic parameters, and symmetric axis orientations of TI models 

TI model ρ
(g/cm3) 

Elastic constants (GPa) Thomsen’s parameter Orientation of 
symmetric axis

C11 C33 C13 C44 C66 ε δ κ σ η θC (°) φC(°)

Taylor sandstone 2.500 34.597 28.359 7.630 8.363 12.628 0.110 -0.035 0.255 0.492 0.156 40
60 60

Green River shale 2.075 31.257 22.487 3.399 6.486 8.821 0.195 -0.220 0.180 1.438 0.741 80 60
Dog Greek shale 2.000 10.001 6.897 4.819 1.365 2.306 0.225 0.100 0.345 0.632 0.104 80 60

For a single-layer TI model, first we calculate the 
exact P-wave traveltimes of CMP gathers in various 
survey line directions using the ray tracing method. 
Assume an observational system with minimum offset 
of 50 m, trace interval 50 m, and 60 traces received in 
each direction, i.e., maximum offset is 3000 m (X/D=3). 
Second, we calculate the hyperbolic and nonhyperbolic 
traveltimes of CMP gathers in each direction using the 
hyperbolic moveout and the optimal nonhyperbolic 

moveout equations. Third, we compare the results with 
the exact traveltimes from ray tracing and correct 
the hyperbolic and nonhyperbolic moveouts, i.e., 
calculate the differences between the exact and 
hyperbolic or nonhyperbolic traveltimes to yield the 
residual traveltimes ∆thy and ∆tnhy for each offset (50, 
100, …, 3000 m) in each direction. Here, ∆thy and 
∆tnhy represent the difference between the exact P-wave 
travel time and hyperbolic traveltime and between exact 
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traveltime and nonhyperbolic traveltime for an offset. 
Thus, we obtain the traveltime residuals, ∆thy and 
∆tnhy, for the varied offsets in each direction, denoted 
by the offset to interface depth (X/D) ratio. These two 
parameters vary with offset and can be used to determine 
the accuracy of P-wave reflection traveltime hyperbolic 
and nonhyperbolic moveout equations. It is apparent 
that smaller ∆thy means that the nonhyperbolic degree is 
smaller and that means the nonhyperbolic traveltime is 
close to the actual traveltime. The studies of A4 on the 
horizontal interface in ATI media and the NMO ellipse 
orientation symmetry suggest that reflection traveltimes 
also have symmetries at four azimuths. So we need only 
to calculate traveltimes for the range c  ( cc ) = 0° to 90°. 
Here, we calculate the traveltimes at seven azimuths for 

c  ( cc ) = 0°, 15°, 30°, 45°, 60°, 75°, and 90°.

Effect of TI symmetric axis dip angle on 
refl ection traveltime

Figure 2 shows the exact P-wave traveltime moveout 
corrections by the ray tracing method and the hyperbolic 
or nonhyperbolic traveltimes on the Taylor sandstone 
models in ATI media (Table 1 and Table 2). Except for the 
different symmetric axis dip angles, the two model sets 
have the same parameters. It indicates that for different 
symmetric axis dip angles, deviations in each azimuth 
after hyperbolic moveout correction increases rapidly with 
increasing offset. After nonhyperbolic moveout correction, 
such deviations are very small and traveltime curves 
are largely level in all orientations. The nonhyperbolic 
moveout correction parameters at different azimuths for 
the two models are listed in Table 2.
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Table2 Parameters for nonhyperbolic moveout correction at different azimuths for Taylor sandstone 
models in ATI media (X/D=3)

ATI models c  ( cc ) (°) A2 (*10-6ms2/m2) A4(*10-6ms2/m4) A*(m-2) C

θC = 40° 0 0.06499555 0.00220380 0.13489029 0.7800
15 0.06585102 0.00200911 0.13597841 0.7800
30 0.06818821 0.00145430 0.13805688 0.7800
45 0.07138087 0.00064120 0.13069500 0.7800
60 0.07457353 -0.00023739 0.53063665 0.9980
75 0.07691072 -0.00092318 0.22093573 0.9998
90 0.07776619 -0.00118337 0.21493956 1.0000

θC = 60° 0 0.08315283 0.00476721 0.98604458 1.0319
15 0.08246466 0.00437688 0.88225216 1.0319
30 0.08058455 0.00335261 0.76522216 1.0000
45 0.07801628 0.00205807 0.87865408 1.0819
60 0.07544800 0.00089238 2.13721501 1.0419
75 0.07356789 0.00012593 0.28877078 1.0000
90 0.07287972 -0.00013542 0.21872728 1.0000
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3. When X/D is less than 1.0, the values of ∆thy at all 
azimuths are no greater than 5 ms but with growing X/D, 
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Fig. 2 Exact P-wave reflection traveltimes at different azimuths and the traveltime residuals after 
hyperbolic and nonhyperbolic corrections to the Taylor sandstone model in ATI media.
X axis is offset to depth ratio (X /D). Y axis is traveltime. Left panels: (a) and (c) are hyperbolic corrections. Right panels: 
(b) and (d) are nonhyperbolic corrections. Red curves are exact traveltimes from anisotropic ray-tracing. Green curves 
are after hyperbolic corrections. Blue curves are after nonhyperbolic correction. 0° and 90° are the azimuths  of the TI 
symmetric axis with respect to the survey line.

First, we analyze the hyperbolic and nonhyperbolic 
moveout correction accuracies displayed in Figure 
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these values at all azimuths and the differences between 
∆thy values at the different azimuths at the same offset 
increase swiftly. For instance, the values of ∆thy on the 
model with θC = 40° at all azimuths increases from -2 ms 
to 4 ms at X/D=1.0 to -18 to 56 ms at X/D=3.0 (Figure 3a). 
Such variations of the model with θC = 60° are smaller than 
at θC = 40° (Figure 3c). The values of ∆thy at azimuths 

c  ( cc ) = 30° and 45° are the largest in the seven azimuths for 
the various offsets, which are less than 1 ms at X/D=1.0, 
become 5 to 6 ms as X/D = 2.0, and reach 15 ms for 
X/D=3.0. It indicates that for different dip angles, the 
P-wave reflection traveltime hyperbolic deviations at 
all azimuths increase swiftly with increasing offset and 
also is different with changing azimuths. This residual 
traveltimes ∆thy by the hyperbolic moveout correction 
result is consistent with that of coefficient A4 in our 
previous work, which implies that larger ∆thy means a 
more obvious nonhyperbolic degree. 

Now we analyze the nonhyperbolic moveout correction 
accuracy as shown in Figures 3b and 3d. the values of 
∆tnhy from the different azimuths at different offsets are 
different for the two set of model, but for each model, the 
value ∆tnhy from the different azimuths are all less than 
1.2 ms and also less than ∆thy (<5 ms) for all azimuths 
on each model when X/D is less than 1.0. There is very 
small difference at the same offsets. However, when the 
X/D ratio increases from 1.0 to 3.0, the enhancements of 
∆tnhy do not exceed 5 ms for all azimuths. The ∆tnhy values 
are all very small for various symmetric axis dip angles, 
different azimuths, and various offsets. This proves that 
the optimized nonhyperbolic moveout correction formula 
can calculate the P-wave traveltime moveout corrections 
in ATI media very accurately.

The comprehensive analysis of the numerical results 
suggests that for TI media models with different dips and 

weak to moderate strength anisotropy (ε > 0.10 and ε-δ < 
0.2), if X/D ≤ 1.0, the hyperbolic moveout residual ∆thy is 
relatively small (< 5 ms) at all azimuths of CMP gathers 
but with increasing offset it increases rapidly and, along 
with dip angles, different azimuths at the same offset 
also increases the traveltime residuals. This shows that 
the hyperbolic moveout equation correction accuracy 
in ATI media declines greatly and the nonhyperbolic 
correction traveltime residual ∆tnhy is much less than ∆thy. 
When X/D rises from 1.0 to 3.0, ∆tnhy remains relatively 
small (<5 ms), enhancing the accuracy by several to 
tens of times with respect to the hyperbolic correction, 
which results in greatly improving the P-wave horizontal 
stacking imaging quality of CMP gathers. 

Effect of TI media anisotropic strength on 
refl ection traveltimes

Figure 4 shows the variation of exact traveltimes and 
moveout corrections for two models of Dog Greeks and 
Green River shales (Table 1), except for anisotropic 
strengths, the other parameters of the models all are the 
same and the calculation methods are also the same. 
From Figure 4 we see that P-wave reflection traveltimes 
are considerably variable at the different azimuths on the 
two models. When azimuth c  ( cc ) changes from 0° to 90°, 
except for 90°, 75°, and 60°, the traveltimes for other 
azimuths after hyperbolic moveout correction have large 
deviations, with the largest at c  ( cc ) = 0° and their deviations 
on the Green River shale model (Figure 4c) are larger 
than on the Dog Greeks shale model (Figure 4a). On 
contrast, after nonhyperbolic moveout correction, the 
deviations on the two models decrease. As shown in 
Figures 4b and 4d, the curves after nonhyperbolic 
moveout correction look relatively flat. 
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Fig. 4 Exact P-wave refl ection traveltimes at different azimuths and traveltime residuals after hyperbolic 
and nonhyperbolic corrections on Dog Greek shale and Green River shale models in ATI media.
X axis is offset to depth ratio (X /D). Left panels: (a) and (c) are hyperbolic corrections. Right panels: (b) and (d) are 
nonhyperbolic corrections. Red curves are exact traveltimes from anisotropic ray-tracing. Green curves are after hyperbolic 
corrections. Blue curves are after nonhyperbolic correction. 0° and 90° are the azimuths c  ( cc ) of the TI symmetric axis with 
respect to the survey line.

Green River shale model with ε = 0.195，δ = - 0.220, and 
η = 0.741, ∆thy for the seven azimuths does not exceed -5 
ms when X/D is less than 0.5 (Figure 5c). However, with 
increasing X/D, it rises fast and becomes the largest for the 
each offset at c  ( cc ) =0°. Apparently, in the different offsets, 
∆thy on the Green River shale model is larger than the Gog 
Greeks shale model. On the two models with different 
anisotropic strengths, hyperbolic moveout corrections at 
the same offset yields varied traveltime residuals ∆thy and 
the Green River shale model has a greater nonhyperbolic 
amount than the Dog Greek shale model. 

Figure 5 displays traveltime residuals ∆thy and ∆tnhy after 
hyperbolic and nonhyperbolic moveout corrections on two 
models. The nonhyperbolic moveout correction parameters 
for the two models are listed in Table 3. First, we analyze 
the accuracy of the hyperbolic moveout correction 
(Figures 5a and 5c). For the Dog Greeks shale model with 
ε = 0.225，δ = 0.100, and η = 0.104, the ∆thy values for 
the seven azimuths are all less than -5 ms when X/D is less 
than 0.9. With increasing X/D, except at c  ( cc ) =90° and 75°, 
the ∆thy value in other azimuths grow swiftly and becomes 
the largest of the seven azimuths when c  ( cc ) = 0°. For the 

Table 3 Nonhyperbolic moveout correction parameters for two ATI medium models (X/D = 3)
ATI model c  ( cc ) (°) A2(*10-6ms2/m2) A4(*10-6ms2/m4) A*(m-2) C

Dog Greek shale θC =80° 0 0.33489488 -0.01277539 0.25288686 1.0000

15 0.32585801 -0.01099172 0.20985550 1.0000
30 0.30116883 -0.00678414 0.17833290 1.0000
45 0.26744278 -0.00263283 0.05318182 1.0000
60 0.23371673 -0.00035951 0.01292041 1.0000
75 0.20902755 0.00009190 0.01610826 1.0000
90 0.19999068 -0.00000262 0.24541101 1.0000

Green River shale θC =80° 0 0.18828232 -0.04782062 0.49617161 1.0000

15 0.18011703 -0.04166889 0.47224654 1.0000

30 0.15780903 -0.02690772 0.46632719 1.0000
45 0.12733574 -0.01175920 0.24337703 1.0000
60 0.09686245 -0.00268448 0.09579944 1.0000
75 0.07455445 -0.00007491 0.01052378 1.0000
90 0.06638915 -0.00000098 0.24432452 1.0000
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Fig.5 Variation of traveltime residuals with offset after hyperbolic and nonhyperbolic corrections at 
different azimuths on Dog Greek and Green River shale models in ATI media.
X axis is offset to depth ratio (X /D). Left panels: (a) and (c) are hyperbolic corrections. Right panels: (b) and (d) are 
nonhyperbolic corrections. Azimuths c  ( cc ) of TI symmetric axis are 0°, 15°,…, 90° with respect to the survey line.
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Comparing Figures 5b and 5d we see that ∆tnhy of the 
two models for any azimuth and offset are all smaller 
and much less than ∆thy. For instance, in the Dog Greek 
shale model, when X/D is less than 2.7, ∆tnhy at seven 
azimuths is less than 6 ms (Figure 5b). For the Green 
River shale model, as X/D is less than 1.5, ∆tnhy is smaller 
than 9 ms at seven azimuths in each model. Compared 
to the hyperbolic moveout correction, the nonhyperbolic 
moveout correction accuracy is enhanced by at least ten 
times.

From this analysis we found that for TI media with 
different anisotropy, the moveout correction on short- 
and long-offset changes with anisotropy strengths. For 
instance, for a TI model with ε > 0.10 and ε-δ <0.2, when 
X/D is no more than 1.0, the ∆thy after hyperbolic correction 
is relatively small but with increasing offset it increases 
swiftly. The ∆tnhy after nonhyperbolic correction is small at 
all azimuths when X/D is less than 3.0 for same offset and 
exhibits a small ∆tnhy difference at different azimuths in a 
same offset . However, for a TI model with ε > 0.10 and 

ε-δ ≥ 0.2  X/D is less than 0.5, the CMP gather ∆thy for all 
azimuths after hyperbolic correction is small but increases 
rapidly with increasing offset. Obviously, conventional 
hyperbolic moveout methods will no longer be adaptive, 
even with X/D = 1. However, after nonhyperbolic 
correction, the ∆tnhy remains small and stable for the same 
offset at all azimuths when X/D is less than 1.5. 

These results indicate that the optimal nonhyperblic 
moveout correction equation can provide a very good 
approximation to traveltimes in ATI media for our 
research offset range. When the offset is large (e.g., 
X/D is 3), compared with the hyperbolic correction, the 
nonhyperbolic correction residual traveltime is lowered 
by several to tens of times. 

Conclusions

The purpose of this work is to enhance long-offset 
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traveltime accuracy and reduce deviations in anisotropic 
parameters estimation. Based on the exact analytical 
solution of the quartic moveout coefficient (A4) and 
NMO velocity for ATI media, we suggest an optimized 
nonhyperbolic moveout correction equation for long-
offsets. It makes calculated nonhyperbolic traveltime fit 
to the exact traveltimes better, extends application of the 
nonhyperbolic moveout correction equation, completes 
moveout stacking of long-offset nonhyperbolic 
traveltimes in ATI media, and is helpful to anisotropic 
data processing and the inversion of anisotropic 
parameters. 

Comparing accurate traveltimes given by the 
anisotropic ray tracing algorithm, we conclude that the 
exact analytical solutions on A4 derived in this paper can 
be used to carry out analytical studies of non-hyperbolic 
time-distance values changing with line azimuth for ATI 
media. The optimized nonhyperbolic moveout equation 
can accurately describe traveltime curves varying with 
the line azimuth in ATI media at any anisotropic strength 
and can be used to simulate Long-offset reflection travel- 
times in ATI media instead of the time-consuming, 
multi-azimuth, and multi-offset ray tracing method.
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